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In some biomedical applications of magnetic nanoparticles (MNPs), the particles are physically immobilized. In
this study, we explore the eﬀect of the alignment of the magnetic easy axes on the dynamic magnetization of
immobilized MNPs under an AC excitation ﬁeld. We prepared three immobilized MNP samples: (1) a sample in
which easy axes are randomly oriented, (2) a parallel-aligned sample in which easy axes are parallel to the AC
ﬁeld, and (3) an orthogonally aligned sample in which easy axes are perpendicular to the AC ﬁeld. First, we show
that the parallel-aligned sample has the largest hysteresis in the magnetization curve and the largest harmonic
magnetization spectra, followed by the randomly oriented and orthogonally aligned samples. For example, 1.6fold increase was observed in the area of the hysteresis loop of the parallel-aligned sample compared to that of
the randomly oriented sample. To quantitatively discuss the experimental results, we perform a numerical
simulation based on a Fokker-Planck equation, in which probability distributions for the directions of the easy
axes are taken into account in simulating the prepared MNP samples. We obtained quantitative agreement
between experiment and simulation. These results indicate that the dynamic magnetization of immobilized
MNPs is signiﬁcantly aﬀected by the alignment of the easy axes.

1. Introduction
Magnetic nanoparticles (MNPs) have been widely studied due to
their potential use in biomedical applications such as hyperthermia and
magnetic particle imaging (MPI) [1–3]. These applications make use of
dynamic magnetization of MNPs under an AC excitation ﬁeld. It has
been shown that the dynamic magnetization is aﬀected by MNP
parameters such as magnetic moment m, anisotropy energy E, and
particle distribution [4–7], as well as the frequency and intensity of the
AC excitation ﬁeld. Extensive studies have been performed to characterize the dynamic magnetization of both suspended and immobilized MNPs [4–7].
One of the key MNP parameters aﬀecting the dynamic magnetization is the orientation of the magnetic easy axes with respect to the AC
ﬁeld. Recently, Mamiya et al. performed a numerical simulation to
characterize the dynamic magnetization of suspended MNPs [8], a case
where the Néel relaxation time is much faster than the Brownian
relaxation time. Usually, the eﬀect of the Brownian relaxation is
neglected in this case; however, in this simulation, both the
Brownian and Néel relaxation processes were taken into account. It
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was shown that the alignment of the MNP easy axes along the direction
of the AC ﬁeld occurs via a Brownian rotational mechanism, and the
dynamic magnetization is aﬀected by the orientation of the easy axes.
In Ref. [9], Shah et al. compared the AC M −H curve of the suspension
sample with that of a frozen sample in which easy axes are randomly
oriented. They also found that the alignment of the easy axes in the
suspension sample is likely due to the Brownian rotation. A numerical
study was also performed to investigate the degree to which the easy
axes are aligned depending on the intensity of the AC ﬁeld [10].
When MNPs are internalized in cells, they are physically immobilized, and their dynamic magnetization is dominated only by the Néel
rotational mechanism, as reported in refs. [11,12]. We wish to
investigate the eﬀect of the direction of the easy axis on the dynamic
magnetization. To study this experimentally, it is necessary to obtain
immobilized MNPs with aligned easy axes. One method of doing so is
to apply a DC ﬁeld during the immobilization process [9,13]. For
example, in Ref. [13], a DC magnetic ﬁeld was applied during the
binding reaction between MNPs and targets in order to align the easy
axis of bound (immobilized) MNPs in magnetic immunoassays. It was
shown that aligning the easy axes improves the detection sensitivity.
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from the MNPs was detected using an inductive pickup coil. The
dynamic magnetization M (t ) of the sample was obtained by integrating
the voltage Vm (t ) across the pickup coil. In doing so, the conversion
coeﬃcient was calculated using the reciprocity principle [14].
Harmonic magnetization signals were calculated from the Fourier
transform of M (t ). Details of the measurement system are published
elsewhere [15].

This method is applied in the present work.
In this study, we investigate the eﬀect of easy axis alignment on the
dynamic magnetization of immobilized MNPs. To this end, we prepare
three immobilized MNP samples with diﬀerent axis alignments by
applying a DC ﬁeld during the immobilization process. We measure the
AC magnetization and harmonic magnetization spectra from each
sample. We then perform a numerical simulation by taking into
account the degree of alignment of the easy axes. By comparing the
experimental results with the simulation, we quantitatively characterize the eﬀect of easy axis alignment on dynamic magnetization of
immobilized MNPs.

2.2. Experimental results
In Fig. 2(a), experimental results are shown for the dynamic
magnetization for an AC excitation ﬁeld with μ0 HAC= 20 mT and
f = 20 kHz. The M − H curves diﬀer between the three samples.
Table 1 summarizes three values that characterize the dynamic
magnetization: coercive force Hc , remanence Mr , and hysteresis loop
area A.
As shown in Fig. 2(a) and Table 1, the parallel-aligned sample has
the largest values for Hc , Mr , and A, followed by the randomly oriented
and orthogonally aligned samples. The area of the hysteresis loop for
the parallel-aligned sample increases 1.6-fold compared to that of the
randomly oriented sample. In contrast, the area for the orthogonally
aligned sample decreases 1.5-fold compared to that of the randomly
oriented sample.
For reference, the representative values for an MNP sample
suspended in water are also shown in Table 1. The dynamic magnetization of the parallel-aligned immobilized sample exhibits properties that
are roughly similar to those in the suspension case.
In Fig. 2(b), the experimental results for the strength of the
harmonic magnetization, Mk , are shown. As expected from the
M − H curves, the parallel-aligned sample exhibits the richest harmonics spectrum, followed by the randomly oriented and orthogonally
aligned samples. These experimental results indicate that the dynamic
magnetization of an immobilized sample is signiﬁcantly aﬀected by the
alignment of the easy axes.
We note that the increased area of the hysteresis loop for the
parallel-aligned sample is preferable for improving the heating eﬃciency in magnetic hyperthermia. We also note that the diﬀerence in
the strengths of the harmonic spectra between parallel-aligned and
orthogonally aligned samples indicates that the MPI sensitivity varies
with the scanning direction of the ﬁeld free point (FFP) when aligned
immobilized MNPs are used [3,16].

2. Experiment
2.1. Materials and methods
Commercial Resovist® MNPs (FUJIFILM RI Pharma) were used as
samples in the experiment. Resovist® is a hydrophilic colloidal solution
of Fe3O4/γ-Fe2O3 nanoparticles coated with carboxydextran, with
primary core diameters between 5 and 10 nm. It consists of clusters
of elementary particles. The iron concentration of the original
Resovist® magnetic ﬂuid is 27.875 mg (Fe)/mL.
First, 3.6 μL of the Resovist® magnetic ﬂuid was diluted in 146.7 μL
of liquid epoxy resin. Then, the sample was left for 12 h to immobilize
via solidiﬁcation. During this immobilization process, a DC magnetic
ﬁeld, HDC , was applied. While the sample is in a liquid state, the MNPs
rotate such that their easy axes align with the direction of the DC ﬁeld.
Axis orientation is maintained as the sample solidiﬁes.
We prepared three samples having diﬀerent axis orientations. The
ﬁrst was immobilized in the absence of HDC to create a randomly
oriented sample. Parallel- and orthogonally aligned samples were
fabricated by applying a ﬁeld of μ0 HDC=16 mT. This ﬁeld strength is
suﬃcient for the case of Resovist® MNPs, as will be shown in Section
3.2.
We use these three samples to investigate the eﬀect of easy axis
orientation on the dynamic magnetization of immobilized MNPs. The
relative directions between an AC excitation ﬁeld and the easy axes of
each sample are shown schematically in Fig. 1.
An AC excitation ﬁeld with frequency f, expressed as
H (t )=HAC cos(2πft ), was applied using a solenoid to measure the
dynamic magnetizations for the three samples. The magnetic signal

AC excitaon ﬁeld H(t) is applied aer the immobilizaon process.
H(t)
Direcon of easy axis

H(t)

H(t)

DC ﬁeld Hdc is applied during the immobilizaon process.
Hdc
Hdc

(a) Randomly oriented

(b) Parallel-aligned

(c) Orthogonally aligned

Fig. 1. Schematics of the easy axis directions in the three samples. A randomly oriented sample (a) was immobilized in the absence of a DC magnetic ﬁeld HDC . Parallel-aligned (b) and
orthogonally aligned (c) samples were fabricated under a 16 mT DC magnetic ﬁeld during the immobilization process. After the immobilization, an AC excitation ﬁeld H (t ) was applied
parallel (b) or perpendicular (c) to the easy axes.
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(a)

azimuthal angles, respectively. W (θ , ϕ, t ) is the probability density of
the orientation of the magnetic moment m , α is a dimensionless
damping factor, and kB T is the thermal energy. The characteristic
Néel relaxation time τN0 is set to τN0=τN / σ =10−9 s. Here, σ = KVc / kB T ,
where K is the anisotropy constant and Vc is the core volume of the
MNP. In this numerical simulation, α was assumed to be suﬃciently
large to neglect the contribution from the precession term in Eq. (1),
i.e., numerical calculations were performed for the high damping limit
[18].
To solve the Fokker–Planck equation, we expand W in terms of
spherical harmonics
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(2)

are the associated Legendre functions and an, m (t ) are the
where
time-dependent complex coeﬃcients of each spherical harmonic. When
the easy axis of the MNP is deﬁned to be in the z direction and an AC
excitation ﬁeld H (t )=HAC cos(2πft ) is applied in the xz -plane with an
angle β relative to the z -axis, as shown in Fig. 3(a), the potential energy
of the MNP is given by

2

10

an, m (t ) Pn|m| (cos θ ) eimϕ

Pn|m|

10
10

∑

n =0 m =− n

20

H (mT)

1

m=n

W (θ , ϕ, t )= ∑

10
15
20
25
Harmonics number, k

E =−μ0 mH (sin β sin θ cos ϕ+cos β cos θ )+KVc sin2 θ

(3)

The ﬁrst term of Eq. (3) represent the potential energy due to an
external ﬁeld H, while the second term represents the magnetic
anisotropy energy. It must be noted that the relaxation time of
immobilized MNPs is determined by the value of E [17]. Since the
value of E becomes smaller for larger H values, the relaxation time
becomes faster with the increase in H. This phenomenon corresponds
to the so-called ﬁeld-dependent Néel relaxation time. We note that the
present simulation properly includes this phenomenon.
By using recurrence relations and the orthogonal properties of the
associated Legendre functions, we obtain the following equation for
a n, m :

30

Fig. 2. Dynamic magnetization of randomly oriented, parallel-aligned, and orthogonally
aligned samples, when an AC excitation ﬁeld with amplitude μ0 HAC=20 mT and

n +2

frequency f =20 kHz was applied. (a) M − H curves. (b) Strength of harmonic magnetization spectra.

m +1

∑ ∑

τN 0 aṅ , m (t )=

cp, q ap, q (t )
(4)

p = n −2 q = m −1

where cp, q are the coeﬃcients. We then deﬁne fnm (t ) as follows:
Table 1
Experimental results for parameters characterizing the dynamic magnetization.

Hysteresis area
A /(Ms HAC )
Remanence Mr /Ms
Coercive force
Hc /HAC
Third harmonic
M3 /(Am2/kg Fe)

fnm (t )=

Randomly
oriented

Parallelaligned

Orthogonally
aligned

Suspension

0.176

0.285

0.114

0.390

0.094
0.138

0.188
0.180

0.058
0.058

0.245
0.191

4.78

8.6

3.10

10.1

(n −| m |)!
(n +| m |)!

π

2π

∫θ=0 ∫ϕ=0 Pn|m| e−imϕW sin θdϕdθ

(5)

Using the orthogonal property of the associated Legendre polynomials, we obtain the following relation between fnm (t ) and an, m (t ):

an, m (t )=

2n +1 m
f (t )
4π n

(6)

The substitution of Eq. (6) into Eq. (4) yields an inﬁnite set of
diﬀerential-diﬀerence equations for fnm (t ):
n +2

τN 0 (2n +1) fnṁ =

m +1

∑ ∑

(2p +1) cp, q f pq

(7)

p = n −2 q = m −1

3. Numerical simulation

As our goal is to calculate the magnetization in the stationary state,
we expand fnm (t ) as a Fourier series:

3.1. Methods

∞

fnm,Re (t )=

In order to quantitatively discuss the experimental results, we
performed a numerical simulation in which the behavior of MNPs via
the Néel mechanism was described by the Fokker–Planck equation
[17]:

⎡ 1 ⎛ ∂E
∂W
1 ∂ ⎧
1 1 ∂E ⎞
∂W ⎤ ⎫
1 ∂
⎨sin θ ⎢
⎥ ⎬+
2τN
=
⎟W+
⎜ −
∂t sin θ ∂θ ⎩
∂θ ⎦ ⎭ sin θ ∂ϕ
⎣ kB T ⎝ ∂θ sin θ α ∂ϕ ⎠
⎧ 1 ⎛ 1 ∂E
1 ∂E ⎞
1 ∂W ⎫
⎬
⎨
+
⎟W+
⎜
sin θ ∂ϕ ⎭
⎩ kB T ⎝ α ∂θ sin θ ∂ϕ ⎠
⎪

⎪

⎪

⎪

∑

Fkn,R.m (ω) eikωt

(8)

k =−∞

∞

fnm,Im (t )=

∑

Fkn,I.m (ω) eikωt

(9)

k =−∞

fnm,Re

fnm ,

fnm,Im

and
are the real and imaginary parts of
respectively.
Here
By substituting Eqs. (8) and (9) into Eq. (7), we obtain the recurrence
relations for the complex coeﬃcients Fkn,,Rm and Fkn,,Im . Using the matrix
1,1
continued fraction technique [19], we can calculate Fk1,0
, R and Fk , R .
The kth harmonic of the complex magnetization in the z direction,

(1)

π

2π

0
Mβ, zk , is calculated as Mβ, zk / Ms=2Fk1,0
, R from f1,Re = ∫0 ∫0 W cos θ sinθdϕdθ ,

Here τN is the Néel relaxation time, and θ and ϕ are polar and
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for parallel sample

for orthogonal sample

(a)

(b)

Fig. 3. (a) Coordinates for the probability density for the orientation of the magnetic moment, W (θ , ϕ) . (b) Coordinates for the distribution function for the directions of the easy axis,
WEA (β , ϕ′) .

which is found using Eq. (5). Here, Ms is the saturation magnetization.
The kth harmonic of the complex magnetization in the x direction,
1 π 2π
1
Mβ, xk , is calculated as Mβ, xk /Ms=4Fk1,1
, R from f1,Re = 2 ∫0 ∫0 W sin θ cos ϕ sin θdϕdθ .
From Mβ, zk and Mβ, xk , we can calculate the kth harmonic of the complex
magnetization in the direction of the AC excitation ﬁeld as
Mβ, k =Mβ, zk cos β +Mβ, xk sin β .
3.2. Distribution function for the directions of the easy axes
We obtain the expression for the distribution function for the
directions of the easy axes, WEA (β , ϕ′), as shown below.
When the easy axes of the MNPs are randomly oriented, as
illustrated in Fig. 1(a), the distribution function WEA (β , ϕ′) is given by
(10)

WEA (β , ϕ′)=1/2π

Here, ϕ′ is azimuthal angle in the x′y′z′-coordinate system as shown in
Fig. 3(b). The DC ﬁeld HDC is applied during the immobilization
process, as described in Section 2.1. When the sample is in the liquid
state, the MNPs rotate such that their easy axes align along the DC
ﬁeld. The degree to which the easy axes are aligned depends on the
value of ξ=μ0 mHDC / kB T , i.e., the strength of HDC and the magnetic
moment m of the particle. In this case, the distribution function can be
given by a Maxwell–Boltzmann distribution [17].
Therefore, for a parallel-aligned sample, the distribution function is
given by

WEA (β , ϕ′)=

Fig. 4. Dependence of the average angle of the easy axes relative to the direction of the
AC excitation ﬁeld, cos β , on the magnetic moment m , when μ0 HDC=16 mT was applied
to parallel-aligned and orthogonally aligned samples during the immobilization process.
Curves are calculated using Eqs. (10)-(12).

z′ axis.
Fig. 4 shows the calculated results for the dependence of cos β on
the value of the magnetic moment m when a static magnetic ﬁeld of
μ0 HDC=16 mT is applied parallel or perpendicular to the z′ axis during
the immobilization process. Here, the values of m were chosen to match
those of the Resovist® sample, as shown in Fig. 5.
As can be seen, cos β approaches 1 or 0 for large values of m . This
result indicates that, for MNPs with m > 2 × 10−18 Am2, the DC ﬁeld of
μ0 HDC=16 mT is suﬃcient to fabricate almost completely parallelaligned and orthogonally aligned Resovist® samples.
Using WEA (β , ϕ′), the kth harmonic of the complex magnetization of
MNPs with magnetic moment m , designated by Mk (m ), was calculated
as follows:

exp(ξ cos β )+exp(−ξ cos β )

∫ ∫ [exp(ξ cos β )+exp(−ξ cos β )]sin βdβdϕ′

(11)

Here β is integrated from 0 to 0. 5π , and ϕ′ from 0 to 2π . Note that the
second term on the right is added in Eq. (11) as we deﬁne the β region
from 0 to 0. 5π .
For an orthogonally aligned sample, the distribution function is
given by

WEA (β , ϕ′)=

exp(ξ sin β sin ϕ′)

∫ ∫ exp(ξ sin β sin ϕ′)sin βdβdϕ′

M

(12)

j=1 i=1

To understand the degree to which the easy axes are aligned, we
introduce a parameter cos β , which represents the average angle of
the easy axes relative to the z′ axis, i.e., the direction of the AC
excitation ﬁeld, as shown in Fig. 3(b).

cos β = ∑

j

∑i WEA (βi ,

ϕ′ j)cos βi sin βi ∆β∆ϕ′

N

Mk (m )= ∑ ∑ WEA (βi , ϕ′ j) Mβ, k (βi )sin βi Δβ Δϕ′

(14)

where βi=π (i −0. 5)/2N and ϕ′ j=2π ( j −0. 5)/ M .
In the numerical simulation, we set N = 90 , M = 360 , and
Δβ = Δϕ′=π /180 .
3.3. Distribution of the magnetic moment

(13)

To simulate the dynamic magnetization, information on the distribution of the magnetic moment m in the sample is also needed. In
Fig. 5, the distribution of the magnetic moment, which was estimated

We note that cos β becomes 0.5 when the easy axes are randomly
oriented. When cos β =1, the easy axes are completely parallel to the z′
axis. When cos β =0 , the easy axes are completely perpendicular to the
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m=2 × 10−18 Am2 and m=4 × 10−18 Am2. Using the equation
m=Ms πdc3 /6 , the core diameters of MNPs with m=2 × 10−18 Am2 and
m=4 × 10−18 Am2 are calculated as 22.0 nm and 27.7 nm, respectively.
The characteristic times τ|| for the overbarrier Néel rotation process
(without an external ﬁeld) can be estimated as τ||=2. 8 × 10−7 and
1. 6 × 10−4 s, respectively, using
the well-known
equation
1
τ||= 2 π τN0 exp(σ ).
σ
As shown in Fig. 6(a), the areas of the hysteresis loops for MNPs
with m=2 × 10−18 Am2 are small because τ||=2. 8 × 10−7 s is much
shorter than the timescale for changes in the AC excitation ﬁeld, i.e.,
τ|| ≪1/(2πf )=8. 0 × 10−6 s. In this case, magnetization occurs without a
signiﬁcant phase lag.
However, the areas of the hysteresis loops for MNPs with
m=4 × 10−18 Am2, shown in Fig. 6(b), are comparatively large because
τ||=1. 6 × 10−4 s is longer than the timescale for changes in the AC
excitation ﬁeld. In this case, magnetization occurs with a large phase
lag with respect to the AC excitation ﬁeld.
As shown in Fig. 6(b), the remanence of the parallel-aligned sample
with m=4 × 10−18 Am2 is much larger than that of the randomly
oriented sample. This is because the magnetization of the parallelaligned sample is dominated by the magnetization reversal of the
magnetic moment, as the easy axes are almost parallel to the AC
excitation ﬁeld. On the other hand, the remanence of the orthogonally
aligned sample is much smaller than that of randomly oriented sample,
since the magnetization of the orthogonally aligned sample is dominated by the instantaneous transverse (intra-potential-well) response
of the magnetization [17,24].

Fig. 5. Distribution of the magnetic moment m , estimated from the static M −H curve of
a suspended sample [20,21]. The vertical axis represents m2 -weighted number density.

from the static M −H curve of a suspended sample, is shown [20,21].
Using the distribution of m , the kth harmonic of the complex
magnetization of MNPs, Mk , was calculated as

Mk = ∑
i

ni mi
Mk (m i )∆m i
ρMs

(15)

Here ni is the number of particles with magnetic moments within
∆m i of the value m i found in one mass unit of MNPs, and ρ is the MNP
density.
3.4. Simulation results
In Fig. 2, results of the numerical simulation for the dynamic
magnetization are shown. In the simulation, the values of the saturation magnetization and the anisotropy constant were set to Ms=360 kA/
m and K=5 kJ/m3, respectively [21,22]. The lines in Fig. 2(a) represent
simulation results for the M − H curves, which was calculated by using
inverse Fourier transform of Mk given in Eq. (15). As shown,
reasonable agreement was obtained between simulation and experiment.
The open symbols in Fig. 2(b) shows the simulation results for the
strength of the harmonic magnetization, i.e., absolute value of Mk in
Eq.(5), Again, there is reasonable agreement between simulation and
experiments. Therefore, we are able to show both experimentally and
numerically that the dynamic magnetization of immobilized MNPs is
signiﬁcantly aﬀected by the alignment of the easy axes.
We note that the deviations between simulation and experiment
shown in Fig. 2 are caused by an estimation error in the Néel relaxation
time for MNPs with large values of the magnetic moment,
m>6 × 10−18 Am2, as discussed in Refs. [22,23].
We also note that Resovist® includes MNPs with small m values,
i.e., m < 10−18 Am2, as shown in Fig. 5. For these MNPs, a DC ﬁeld of
16 mT is not high enough to align the easy axes, as can be seen from
Fig. 4. However, this type of MNP tends to exhibit only a linear
magnetization response without phase lag, and as such will not aﬀect
the harmonic magnetization spectra or hysteresis.
4. Discussion
As shown in Fig. 2(a), the area of the hysteresis loop of the parallelaligned sample becomes larger than that of the randomly oriented
sample. As the m values of the MNPs are distributed in the sample, as
shown in Fig. 5, it is not clear what subset of the MNPs contributes
most to the enhancement of the hysteresis loop area. In order to
investigate this, we performed a numerical simulation of M − H curves
for two typical values of m. Fig. 6 shows the results for MNPs with

Fig. 6. Numerical simulation results for the dynamic magnetization of randomly
oriented, parallel-aligned, and orthogonally aligned MNPs, calculated with Eq. (14).
Simulations were performed for MNPs with (a) m=2 × 10−18 Am2 and (b)
m=4 × 10−18 Am2, when an AC excitation ﬁeld with amplitude μ0 HAC=20 mT and
frequency f =20 kHz was applied.
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Fig. 7. Numerical simulation results for the dependence of the hysteresis loop area A ,
remanence Mr , and coercive force Hc on the magnetic moment and anisotropy energy.

As discussed above, the hysteresis in the M − H curve strongly
depends on the size of the MNPs as well as on the direction of the easy
axis. Therefore, we considered the behavior of A, Mr , and Hc with
changing values of the magnetic moment and anisotropy energy. The
simulation results are shown in Fig. 7. As shown, the increase in the
area of the hysteresis loop of the parallel-aligned sample is caused by
the MNPs with a large magnetic moment and a large anisotropy energy
barrier.
5. Conclusions
We studied the eﬀect of the alignment of the easy axes on the
dynamic magnetization of immobilized MNPs. The axis alignment was
controlled by applying a DC ﬁeld during the immobilization process.
First, we showed that the parallel-aligned sample has the largest
hysteresis in the M − H curve and the largest harmonic magnetization
spectra, followed by the randomly oriented and orthogonally aligned
samples. The experimental results were quantitatively explained using
a numerical simulation based on a Fokker-Planck equation, in which
both the distributions of the magnetic moment and the direction of the
easy axes were taken into account. These experimental and numerical
results show that the dynamic magnetization of immobilized MNPs is
signiﬁcantly aﬀected by the alignment of the easy axes. These quantitative ﬁndings will be important for the application of immobilized
MNPs to magnetic hyperthermia and MPI.
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